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1.  What is the Boolean function that is computed 
by the following relay circuit? Boolean formula 

 
2. Show the simplest relay circuit (smallest  
    number of relays) that can compute this      
    function. Relay circuit 
    Why is  it the simplest circuit? Explanation  

Quiz #8 – solution 

Show your work! 
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Quiz #8 – solution 



 

 Shannon 
the last page of his  
MS thesis... 
is the first page  
of logic design 



4,000 ya in Egypt 

Google doodle 4/30/2016 
Shannon’s 100th birthday 



The appearance of life is  
the first Information Megamorphosis  

The appearance of the human brain is  
the second Information Megamorphosis  

3.7 Bya 

75 Kya 

The operating principles of the first 
information systems  

Life and the Human Brain  
are still mysterious  

Source: Wikipedia 



  C. Elegans 
lineage 

total of 959 cells  
302 nerve cells   
131 cells are destined to die  

precise self assembly of a functional organism  

operating principles?  



Progress happens with the introduction  
of new languages 

1 Million years 

We need new 



 

 Illiteracy 
Languages for biological circuits? 



Ideas for languages for biology? 



Physics  
relay  

circuits 

 Language  
Boolean  
algebra 

reasoning 

MAJ XOR 

ideas for describing biology 



Biology 
???? 

language 
????? reasoning 



Biology 
how is it special???? 

Stochastic 
chemical  
reactions 







Composition is 

+ 

+ 

+ 



The challenge: 
Analysis of stochastic  
behavior is not intuitive 

However, synthesis is intuitive... 



Idea:  
Synthesis of stochastic behavior 



Shannon 
1916-2001 

Relay on the edge 
is controlled by a  
0-1 variable 

Relay on the edge is controlled by a  

Idea:  
Synthesis of stochastic behavior 



Relay on the edge is controlled by a  

Idea:  
Synthesis of stochastic behavior 

Closed with probability 1/2 pswitch 



a b 

a

b 

Shannon 
1916-2001 

ab AND(a,b) 
00 
01 
10 
11 

0 
0 
0 
1 

ab OR(a,b) 
00 
01 
10 
11 

0 
1 
1 
1 

disconnected 

connected 



Closed with probability ?? 

ab probab 
00 
01 
10 
11 

1/4 
1/4 
1/4 
1/4 

connected 



Closed with probability ?? 

ab probab 
00 
01 
10 
11 

1/4 
1/4 
1/4 
1/4 

disconnected 



 

 Stochastic Circuits 
first analysis...  

of stochastic relay circuits 



What is the probability that the following circuit is closed? 



What is the probability that the following circuit is closed? 



What is the probability that the following circuit is closed? 

Notice that the probability next to a pswitch  
indicates the probability it is closed 



What is the probability that the following circuit is closed? 

Probability it is open 

Probability it is closed 

Probability the 
circuit is closed 

Method 1: Sub-block analysis 



What is the probability that the following circuit is closed? 

Method 2: The Conditional Probability approach 



What is the probability that the following circuit is closed? 

Method 2: The Conditional Probability approach 



 

 Stochastic Circuits 
now synthesis... 



a b 

a

b 

Shannon 
1916-2001 



Goal:  
Design a series-parallel stochastic switching circuit with  
0.5-pswitches that computes p 
= is closed with probability p  



Let’s extend the circuit in series and in parallel 
With at most three 0.5-pswitches can compute all a/8 



Theorem (the expressive power of 0.5): 

Let        

Remarks: 
•  Size n is optimal (for any circuit structure) 
•  There is an efficient algorithm 

With a  an integer such that,  

Then there exists a (simple) series-parallel stochastic  
switching circuit with 0.5-pswitches, of size at most n,  
that realizes p  

(The target probability)  



What is the probability that the circuit is closed? ½ pswitches 



The construction algorithm (B-Algorithm): 

Start from the right: 
 
0  =  pswitch in series 
1  =  pswitch in parallel 

What is the probability that the circuit is closed? ½ pswitches 



The construction algorithm (B-Algorithm): 

Start from the right: 
 
0  =  pswitch in series 
1  =  pswitch in parallel 



Why Does the  B-Algorithm Work? 

Proof:  By induction 
Base case, 1 bit: 

Assume true for n  bits, prove for n+1 bits:   

X has n bits 

Q 



Theorem (the expressive power of 0.5): 

Let        

With a  an integer such that,  

Then there exists a (simple) series-parallel stochastic  
switching circuit with 0.5-pswitches, of size at most n,  
that realizes p  

(The target probability)  

What is a simple series-parallel?  



Series-Parallel Circuits 

In parallel: 

a b 

a 

b 

a b 

In series: 



SIMPLE Series-Parallel Circuits 

In parallel: 

a 

In series: 

a 

a 



Is it a SIMPLE Series-Parallel Circuit? 

No 

Yes 



 

 Stochastic Circuits 
duality 



It is a syntax machine: 
It is true for the axioms! 

Recall Theorem 0: 
Any identity that is true algebra, is also true 
if + and  . are interchanged, and 0 and 1 are interchanged. 



Duality in stochastic circuits - examples 

duality 

duality 

+ 

1 = 

+ 

1 = 



How are dual stochastic circuits related? 



Theorem (wo proof): In stochastic series-parallel circuits 



Theorem: In stochastic series-parallel circuits 

The circuit: 

The dual(comp): 
The Conditional Probability approach 



Theorem (the expressive power of 0.5): 

Let        

With a an integer such that,  

Then there exists a (simple) series-parallel stochastic  
switching circuit with 0.5-pswitches, of size at most n,  
that realizes p  

(The target probability)  

Why Does the B-Algorithm Work? 
A proof based on duality 



Proof:  By duality and induction... 

With two pswitches: 

add one pswitch in series create the dual circuits 

Three pswitches: 

0.5 = 1 – 0.5 

A proof based on duality 



 

 Stochastic Circuits 
back to biology 





Can we program independent objects  
to behave in a ‘coordinated way’   
without communications? 

How??? 

Choose the behavior with probability 

From probabilities to  
           approximate quantities... 

Access to a global variable – “ditch day” 



Choose the behavior with probability 

From probabilities to  
           approximate quantities... 

Access to a global variable – “ditch day” 

Example: 
Creating a global behavior (dosage of insulin)  
using a large collection of independent cells  
that react to global variables (glucose level)   



We created theoretical methods for the  
synthesis of stochastic circuits... 
 
Can we map it to biology? 



Idea ??? 
+ 

+ 

Constructing a Stochastic Biological Switch 



Constructing a Stochastic Biological Switch 

Idea ??? 

The probability distribution of the output 
is determined by the concentrations of 

+ 

+ 



~2.9% error from  
manual pipetting 

Experimental Results  
a Stochastic DNA Switch 



TAGGTCCTCAGAAGCTTACGATTAACGCGA 

AGTCTTCGAATGCTAATTGCGCTCGTACCGAATGGATG  

ATCCAGGAGTCTTCGAATGCTAATTGCGCTGCTTTACAACGCCGG  

Toehold Mediated Branch Migration 

“toeholds” 
1 

2 

Yurke, Turberfield, Mills, Simmel, Neumann, Nature 406, 605 (2000) 



ATCCAGG 

TAGGTCCTCAGAAGCTTACGATTAACGCGA 

     TCGAATGCTAATTGCGCTCGTACCGAATGGATG  

Yurke, Turberfield, Mills, Simmel, Neumann, Nature 406, 605 (2000) 

Toehold Mediated Branch Migration 



ATCCAGG 

TAGGTCCTCAGAAGCTTACGATTAACGCGA 

AGTCT     TGCTAATTGCGCTCGTACCGAATGGATG  

Yurke, Turberfield, Mills, Simmel, Neumann, Nature 406, 605 (2000) 

Toehold Mediated Branch Migration 



ATCCAGG 

TAGGTCCTCAGAAGCTTACGATTAACGCGA 

AGTCTTCGAA     ATTGCGCTCGTACCGAATGGATG  

Yurke, Turberfield, Mills, Simmel, Neumann, Nature 406, 605 (2000) 

Toehold Mediated Branch Migration 



ATCCAGG 

TAGGTCCTCAGAAGCTTACGATTAACGCGA 

AGTCTTCGAATGCTA     GCTCGTACCGAATGGATG  

Yurke, Turberfield, Mills, Simmel, Neumann, Nature 406, 605 (2000) 

Toehold Mediated Branch Migration 



TAGGTCCTCAGAAGCTTACGATTAACGCGA 

AGTCTTCGAATGCTAATTGCGCTCGTACCGAATGGATG  

ATCCAGGAGTCTTCGAATGCTAATTGCGCTGCTTTACAACGCCGG  

Yurke, Turberfield, Mills, Simmel, Neumann, Nature 406, 605 (2000) 

2 

1 

Toehold Mediated Branch Migration 
and Strand Displacement  

 



Our building block = short DNA strands 















It is not a connectivity model  
It is a flow model... 



Implementation of stochastic networks  
with DNA strands inspired a new 
model of  
stochastic flow networks 

It is not a connectivity model  
It is a flow model... 



 

 Stochastic Circuits 

flow 



Flow Model  

p q 

p+q = 1  

The basic building 
block in a flow model  
is a 



2
1

2
1

2
1

2
1

Flow Model - Example  

a 

b c 

What are a, b, c? 
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Flow Model - Example  



It is not a connectivity model  
It is a flow model... 



Stochastic Flow with 
Feedback  

a What is a? 

1
2

1
2

1
2

1
2

a=1, as the token  
must come out! 
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a 

b 
What are a, b? 



Stochastic Flow with 
Feedback  

a b 

What are  
a and b? 

1
3

2
3 2

3
1
3

2
3

1
3



Stochastic Flow with 
Feedback  

p 

a 

q 

p 

p 

q q 

p+q = 1  

b 

What are  
a and b? 



Fair from Biased Von Neumann 
1903–1957 

J. von Neumann, ”Various techniques used in connection with random digits,”  
Appl. Math. Series, 1951 

HTTHHHTTTHHTHTTTHHTHTH 

Simulating an 
coin by using a  
coin with unknown 
probability?   

HTTHHHTTTHHTHTTTHHTHTH 



Fair from Biased Von Neumann 
1903–1957 

h 

H 

h t t 

T 

h t 



Feedback Helps!!! 

With ½ splitters can compute: 

without feedback  
B-algorithm 

with feedback 



Feedback Helps!!! 

Theorem: Given a rational fraction a/b  
             with 2n-1 < b ≤ 2n  
                           a and b are relatively prime numbers  

 
then a/b can be realized by a circuit 
with n ½-splitters (3n arbitrary)  

 
size n is optimal  



- Expressive power and constructions 
 
- Robustness  

- Experimental molecular circuits 

Generalizations:  
-  Stochastic flow networks 
- Min-Max networks  
- Random-walk networks 



Min-max 
Random-walk networks 

It is All About People 

The B-Algorithm 

Robustness 

General expressive power  

Dan Wilhelm 

Po-Ling Loh Hongchao Zhou Ho-Lin Chen 

David Lee 

Lulu Qian 

Experimental study with DNA strands 
Stochastic flow networks 



 

 Quiz time 



1.  Use the B-algorithm to construct a stochastic circuit  
     with ½ p-switches that computes 13/32. process + circuit 
 
2. Use duality to construct a stochastic circuit with  
    ½ p-switches that computes 19/32. process + circuit 
 

Quiz #9 – 10min 

Show your work! 

Start from the right: 
 
0  =  pswitch in series 
1  =  pswitch in parallel 

Reminder of the B-Algorithm: 

3 
1 

2 

4 

1 2 3 4 


